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O VThe paper concerns sblution manifolds of nonlinear parameter-dependent
o v, . (
equations (1) F(u,Q) = ys\ involving a Fredholm operator F between (infinite-
\J /ﬁn“-"'
dimensional) Baijh spaces X =2Zx ) and Y, and a finite-dimensional
i/h[)l—"
parameter space /y. Differential-geometric ideas are used to discuss the
connection between augmented equations and certain one-dimensional submanifolds
produced by numerical path-tracing procedures, Then, for arbitrary (finite)
‘apods
dimension of ﬁ, estimates of the error between the solution manifold of (1)
* and its discretizations are developed. These estimates are shown to be
.. applicable to rather general nonlinear boundary-value problems for partial

differential equations.
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2 |
_ . 1. Introduction )
s R
.; 28 Considerable attention has been directed toward nonlinear parameter- é
¥ dependent equations of the form ;
-
‘ (1.1) F(uA) = y,, :
; = where F 1is a mapping from a Banach space X = Z x A to a Banach space Y, :
Z represents a state space, and A an m-dimensional parameter space,
1 <m <« Under appropriate conditions on F, the set of regular solutions
3 ié of (1.1) forms an m-dimensional manifold in X and it is of interest to obtain
both analytical and computational information about this manifold.
Since Z and hence X are usually infinite-dimensional, any computational
i' examination of (1.1) requires the introduction of finite-dimensional approxi-
mations. Such approximations raise questions about the resulting error between :
the solution manifolds of (1.1) and its discretized versions. E
" The estimation of this error between solution manifolds has seen relatively g
3 > limited activity, and most of that has been directed toward the case of a one- .
< dimensional parameter space A [3], [4], [6]. Since all numerical procedures

for analyzing the solution manifold of an equation of the form (1.1) involve
tracing one-dimensional submanifolds, consideration of this special case is,

in a sense, reasonable. However, it is generally not easy to construct a correct

DARAES I 4 A AT

;5 picture about an m-dimensional manifold from information obtained on certain one-
Co dimensional submanifolds. Accordingly, it is certainly desirable to derive error
; - estimates for the general case of an m-dimensional parameter space.

; ij This is the topic of the present paper. The definition of the errors under
- consideration depends critically on the choice of the local coordinates on the

manifolds. After some preliminaries in Section 2, these local coordinates are
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(}\ the topic of Section 3. Then in Sections 4,5,6 we consider in some detail

:i; the idea behind the numerical procedures used to trace paths on a manifold.

; Included here are the role played by augmented equations and their use in

7 characterizing points on the manifold.

; Then in Section 7 we extend the error estimates developed in [4] to

o the general situation of m-dimensional solution manifolds. These results

{ allow for the study of approximations of such manifolds directly, without

Q;? recourse to paths. The arguments of Section 7 depend on the validity of a

ﬂﬁ. certain stability condition whose implications and various reformulations are

" - the topic of Section 8. Finally, two examples, in Section 9, illustrate the

i; theory and show, in particular, that it applies to a very wide class of boundary-
,ﬂ value problems for partial differential equations.
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2. Preliminaries

Throughout this paper, we shall use the following assumption:

- F: E€cX+Y is a C'-Fredhoim mapping with r > 1 and index
(A) m> 1 from an open subset E of a Banach space X into a

Banach space Y.

As usual, a point x &¢ E is a regular point of F if DF(x) is surjective.

For any Yo € F(E), our interest centers on the regular-solution set
(2.1) M= {xe E: x regular, F(x) = yo},

of the equation

(2.2) F(x) = Yo

The fundamental result concerning the structure of M 1is contained in the

- following theorem proved in [4 ].

VRN

Theorem 2.1: For any y, ¢ F(E), the regular solution set M is a relatively

- open, m-dimensional Cr-manifold in X.

The notion of parametrization introduced in [ 4] extends easily to the

d manifold M. However, we modify the terminology somewhat in order to be
consistent with the customary language of differentiable manifolds and bi-

) furcation theory.

[2 For any xj € M, let Tx M denote the tangent space of M at Xy In

()
our setting, we can identify Tx M with ker DF(xo). let X=V®T be any

0
splitting of X such that dimT=m and VAT, M= {0}. With any such

Fé 0




splitting, it is always possible to define an isomorphism A: Y - V of
Y onto V. In particular, the splitting X=V@® TxoM with any comple-
mentary subspace V of TxoM and the isomorphism A = (DF(xo) |V)'] has
important applications in the reduced-basis technique (see [5]).

The following theorem is an immediate generalization of the corre-
sponding result in [4 ]. Its proof involves an application of the implicit

function theorem.

Theorem 2.2: Let Yo € F(E), X=V@®T be a splitting as above at a given
point X, € M, and A: Y +~ V an isomorphismof Y onto V. Then there
exist an open ball JC T with 0 ¢ J, an open neighborhood U < X of Xg

and a unique c'-function n: J + Y such that n(0) = 0 and

MNAU={xe X: x x(t)sx°+t+An(t),teJ}.

This theorem justifies the use of the word parametrization in [4 ].
However, since we wish to reserve the word parameter for another concept, we

have to carry the result of Theorem 2.2 somewhat further.

Corollary 2.3: Under the conditions of Theorem 2.2, there exist an open

ball JOC.J with 0 ¢ Jo and an open neighborhood UOC U of Xo such

that tw» x(t) = X, * t 4 An(t) is a Cr-diffeomorphism of Jo onto M f\Uo.

Proof: From F(x(t)) =0 for t e J, it follows that DF(xo)x'(O) =0 and

hence, since T and V are complementary subspaces, that x'(0): T » Tx M
()
js an isomorphism. Let W be any complementary subspace of Tx M in X
0

and define

¢: JHWCX X, o(x) =x(t) +w, x=t+wed+W B

......................
.........................
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Then we have

¢'(0) = x'(0)t + w, E=T+weTxM®w,
0

and thus ¢'(0) 1is an isomorphism of X. By the inverse function theorem,
¢ maps a neighborhood of 0 Cr-diffeomorphically onto a neighborhood of

0. Hence, because of ¢(t + 0) = x(t), the result follows.

The inverse of the mapping x: Jo -+ MﬁUo is a chart or coordinate
mapping at Xo of the manifold M and such mappings are often said to
define a system of local coordinates on M. For that reason, we call a
splitting X=V®T such that dimT=m and VAN TxoM = {0} a coordinate :
splitting for M at Xy € M, and we refer to T as a coordinate space. :

vt P

1
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;
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3. Parameters as Coordinates - '
It often happens in applications that certain quantities are naturally
identified as parameters. This means that there is an intrinsic splitting
X=1ZI@®A of X, where A 1is an m-dimensional parameter-space and Z - I
L

%

represents a state space. Such a splitting of X will be called a parameter

splitting. It is natural to attempt to use the parameter space A as the

coordinate space T of a coordinate splitting, and the question arises when

this is possible. | o
In order to provide an answer to this question, we suppose for the re-

mainder of this section that a pararﬁeter splitting X =Z@® A is available. (-

Moreover, for a given Yo € F(E) let M denote the corresponding regular-

any point of M.

solution manifold (2.1) and Xq

The suitability of A as the coordinate space T of a coordinate -

splitting depends on the subspace

(3.1) Zo = Z(\TXOM. I:
If Zo = {0}, then clearly X = 2@ A 1is a coordinate splitting for the mani- :
fold M at x . Butif Z ¢ {0} then TxoM has a nontrivial component
in Z and hence we cannot use all of A as the coordinate space T. -
Minimally we should exchange Zo for a part of A not meeting TxoM. =
To this end, let 1 be the natural projection of X onto A along 2Z E_-_‘.
and define the space

(3.2) Ay = HTx M.
0
s

Moreover, the following nota..... wi' be convenient: If W 1is any Banach

space and Noc W a closed subspace which splits W, then W@ wo shall

. RS I . . .
A F R LTI Y RO TR S i I P R A R R .




denote any closed complementary subspace of wo in W.
Some important properties about the subspaces Zo and Ao are con-

tained in the following lemma.

Lemma 3.1:

(i) dim Ao =m - dim Zo'

(i) A, = AN (Z + TXOM).
(iii) Z@Ao =7+ TXOM.

(iv) [(1e17)® (heA)lnT, M= {0}
8]

Proof: The proof involves only elementary notions about subspaces. Clearly
(i) needs no elaboration. To prove (ii), let X ¢ AO. Then x =2z +u for

Scad U E Tx M and any z ¢ Z, whence A e A (Z + Tx M). Conversely, if
() 0
the latter inclusion holds for some A then X =2z +u for some 2z ¢ Z,

ue Tx M and X =1 =1uce Ao. In (iii) the containment Z @Aoc 7+ Tx M
(s 0
js obvious in view of (ii). To show the reverse, let x =2 +u, z ¢ Z,

ue Tx M. Then there exist z' € Z, X € A such that x = 2' + X, whence
0
A= (z2-2') +ue Z+ Tx M and thus X ¢ Ay by (ii) or x ¢ Z@Ao. Finally,
()
let u belong to the set on the left of (iv) and u=2z +2x, ze 2, X e A

Then A=-z+ueZ+TxM=Z®A°, whence Ae Ay and )\eAOn(AeAO)={0}.
0
As a result we have u=2¢ 1206 ZOC Z and therefore ue N Tx M=7Z

0 (o}

which implies that x e zon (o Zo) = {0}.

The above facts can be combined to give the desired theorem on coordinate

splittings.
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: 8 ;
Theorem 3.2: In addition to assumption (A), let X = Z® A be a param- - ;
eter splitting of X, vy, e F(E), and x, @ point of the curresponding :
regular-solution manifold M. Let Z0 =IN Tx M and /\0 = nTX M, where
0 () .
I is the projection onto A along 2. Then X = [(Z® Zo) ®(LO Ao)] E
@ [Zo @D Ao] is a coordinate splitting for M at Xg '
This theorem is illustrated in the next section. .!.
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4, Parameters and Integral Manifolds

A1l currently available numerical methods for analyzing a solution mani-
fold of a parametrized equation involve the computational trace of one-
dimensional submanifolds by means of a continuation process. These one-
dimensional submanifolds are usually defined by combinations of the natural
parameters with one degree of freedom and the specification of a starting
point. In differential-geometric terms, this means that we compute specific
integral manifolds of certain 1-distributions on the manifold.

Before we define these notions explicitly, an example to illustrate
the situation may be in order. Consider the buckling of a spring system
discussed in [ 9 ; pp. 301-305]. After a suitable scaling, the total energy

of the system is
_ 2 .1 2 .
U(p.a,2,v,y) = (1-p)” + 5 v(2q)° + 2Xpcosq + wpsing,

where p,q are displacements (the state variables) and the parameters X,v,y
represent applied forces and a spring constant, respectively. The spring
constant vy is intrinsically pusitive. As a result, the equilibrium equation

is

-2(1-p) + 2xcosq + vsing
(4.1) F(x) = =0,
dvq - 2\psing + vpcosq

5 2 5

where F: ECR™ =+ R

is a C -mapping on E = {x = (p,q,A,v,Y)T e R”: vy > 0}.
It is easly verified that all points of E are regular for F and that
0 ¢ F(E). Consequently, the equilibria of the system correspond to points on

the three-dimensional manifold M = {x ¢ E: F(x) = 0}. The natural parameter
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10
splitting X = Z@® A associated with the parameters A,v,y is obtained by —
setting .
- T T
(4-2) L= {(p9q’030s0) }s A= {(0’09}\9\’,Y) }. -
As indicated before, we introduce now some combination of parameter
values with one degree of freedom. The simplest approach is to fix two =
of the above three parameters, say v=0, vy = %— This is equivalent to the -
introduction of the augmented equation :
:',_:'
F(x) 0
(4.3) G(X) = \V] = 0 ’ --.
v g
(=29
5 4 w a
where G: ECR” - R" 1is still of class C on E, but now not all points '
_ 4] 1 1,71 K
of E are regular for G. For example, at x = (2"0’2"0’8') e E, -
DG(xo) has rank 3 whereas, of course, the rank of DF(xo) is 2.
ne
The point Xy = (]Z’ 0,]7, 0,%)T is an example of a point where the
natural parameter splitting (4.2) of the original problem is not a coordinate L:j
splitting and Theorem 3.2 comes into play. For this particular X we have &
that .
T, M= ker DF(x)) = {(p,a,-p,0,¥)T}, :
o ]
and hence that
_ _ T
Z = ZnT M = {(09q9090!0) }! y
(4] Xy -
(4.4)
_ _ T
Ao = HTXOM - {(O’OQA’O’Y) }o

........

[ 24
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By Theorem 3.2, we see that

>
"

[(zez)®(hor)l®[Z @A)
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1
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>
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N ST

{(p,0,0,v,0)"} @ {(0,9,1,0,v) T}

)
: ii is one possible coordinate splitting for M at L
1 Generally, let M denote any finite-dimensional Hausdorff manifold of
; - class Cr, r > 1. We again denote the tangent space of M at a point x e M
e by T,M and write TM for the tangent bundle. Recall that a vector field
of class C°, 1 <p <r,onarelatively open subset Moc: M is a Cp-mapping

[ ;EI g£: M) >~ TM such that g(x) € T M for each x e M,- Moreover, a 1-distribution

Ao of class C° on Mo is defined by the following two properties:

(i) A is a mapping A: Mo + TM such that Ax is a one-dimensional

subspace of TxM for each x ¢ Mo.

. !! (ii) For each X, € Mo’ there exist an open neighborhood U of X,

E . in X and a vector field &: Mor\ U+ TM of class C° such that
: Ei A, = span {g(x)} for all xe M NU.

E A one-dimensional submanifold N of M° is an integral manifold of A on
E Mo if for every x € N the tangent space TXN is equal to Ax. For an

I iﬁ introduction to these concepts see, for example, [11].

For our simple example, let Eoc: E be the open set of all regular

points of G and set My =M r\Eo. Then A: My ™, A, = ker DG(x),

- v

X € Mo, is a mapping which associates with each regular point x ¢ Mo a

one-dimensional subspace of the tangent space TXM. In this case, it happens

to be possible to define a global vector field on Mo which satisfies the

- e

W AP R YA Sa P B S I R P IPE t




...............................
.................

12 i

second condition of a 1-distribution., In fact, for any x ¢ Eo a vector g

E(x) eR5 is uniquely defined by

P

DG(x)
(4.6) DG(x)&(x) = 0, [[&(x)[[, =1, det[ T] >0, -
g(x)

and it is readily verified that the mapping x » £(x) 1is of class ¢!

r-1

on Eo and hence a C  '-vector field on Mo' This shows that A is indeed

r-1

a 1-distribution of class C on Mo.

The point Xy = (%3 0,%—.0.%ﬂ1. turns out to be a singular point of the i;
"—'
vector field £. In fact, for the value of y = %w the bifurcation set in the ! !

Av-plane consists of a butterfly and touching dual cusps (see Figure 1 and

[9]). The dual-cusp point corresponds to Xq* :
The global definition (4.6) of the vector field is possible only in

the finite-dimensional case. However, we do not need a determinant to define

an orientation of a local vector field in a neighborhood of each x ¢ Mo.

In other words, it may be expected that augmented equations of the form (4.3) =

always define 1-distributions on certain relatively open submanifolds Mo of

M. The numerical methods mentioned earlier are then designed to compute ;2

specific integral manifolds of such 1-distributions. The connection between

augmented equations and certain 1-distributions is taken up in detail in the

next section. Once augmented equations are associated with 1-distributions,

4 AN

"]‘l p et S e

they can then be used to classify an arbitrary point of M and to provide

an alternate formulation of Theorem 3.2. This is the topic of Section 6.

Our example shows that the singular behavior at the point Xg = (%, 0,%-,0,%ﬁT

bl S DA

R -SRI

arises only because we considered a particular parameter combination and the —

corresponding 1-distribution. Otherwise, the point is regular for F. More-

over, instead of fixing v=0, vy = %- and letting A vary as we did in (4.3),

Y

MDY 5 Qe NN A
I

:
g
y
‘2
H

-

YA VUL TP U I PP LS O I G U W Yo S S DOV W SRSl Y

r
]

i
F
b

i

’
3
]
3
L
h




S S

-

~

 d
A Ca

FTA TNEEATWTNTY

R0 2l Sl Sl

L o T p—_——

SRR A s e S Sene a4

AR Bt it gt Sen Tttt it JnaCak Bt |

RN

e e - . o Pq LA T LALA PP DR Shha Rl Rt e arnr
A T DA N

13

tcnt'

1/8

/ I nm——
'6 -
g = cons

i

}

0.40

o
w
o

C.SS

0.50

0.45

C.35

0.30

S0°0

00°0

Figure 1

Dttt Soin Bt B b

PPV W WS WG WS

VAN Wl Y WY G AT, )




14

we may fix v = %, Y = % and allow v to vary. Then we are led to the

augmented equation

F(x) 0
(4.7) 6=z | x| =|%
y 8

For this new G, DG(xo) has rank 4 so that X, how becomes a regular
point of G. This opens up the possibility of considering numerical methods
which avoid the singularity entirely by working with other more suitable

1-distributions such as that defined by the augmented equation (4.7).
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. 5. 1-Distributions and Augmented Equations

In the last section, we discussed the idea behind continuation methods
for analyzing solution manifolds of parametrized equations and how parameter
- combinations lead to 1-distributions and one-dimensional integral manifolds.

| In this section, we consider the relationship between such integral manifolds
and certain augmented equations.
Throughout this and the next section, let M denote the m-dimensional
c"-manifold (2.1) of the equation (2.2) and assume that X = Z@® A is a

parameter splitting of X. A combination of the natural parameters with one

degree of freedom corresponds to the choice of a one-dimensional subspace
S € A which defines the remaining degree of freedom. We call S a reduced-
- parameter space and any splitting X=W®S with Z<&W a reduced-parameter
. splitting. For example, in (4.3) the reduced-parameter space is
s = {(0,0,1, 0,0)73, whereas in (4.7) s = {(0,0,0,v,0)}.
Suppose now that A: Mo -~ TM is a 1-distribution of class Cr'] on
" some open set Moc M for which na, = S forall x¢ Mo. As in Section 3,

I denotes the projection of X onto A along Z. C(Clearly, the condition
m, = S 1is equivalent to A, CZ®DS. We call a 1-distribution with this

property a 1-distribution with respect to S.

1-distributions with respect to S can be discussed conveniently in

the context of certain augmented forms of the equation (2.2). For any given

m-1

reduced-parameter space S, there exist linear operators L: A - R with

ker L = S. With any choice of such L, we define the augmented mapping

(5.1) G ECX~YxR"', 6(x)= (F(x),LMx), xe¢E,

and with it the augmented equation

- - . - - - - " . ‘ .
o PR ¥ PV TR P WP W S . Al P e T a'a VLA CUNUIDUIN SIS PO
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(5.2) G(x) = (yo.LHao),

where a, € X is as yet arbitrary. For example, in (4.3) and (4.7)

L: A =R is defined by
0 00 1 O 001 00
L = and L = s
0 00 01 0 0 0 01
respectively.

A number of useful facts about (5.1) are collected together in the

following technical lemma.

Lemma 5.1: Let x0 e M. Then:

(i) DG(xo) is a Fredholm operator of index 1.

(ii) DF(xo)IZ, and hence DG(xo)Iw, is a Fredholm operator of index O.

(iii) ker DG(xo) =T, MO (Z®5S).
()

(iv) Z, = ZnTx M=WnN ker DG(xo).

1 ()
P (v) SANT, M= {0} if and only if Z_ = ker DG(x_).

F Xo 0 0

t Proof: Note that

DG(x,) = (DF(x )LN) = (DF(x),0) + (0,Lm),

‘i where (DF(xo).O): X=+Y le’"'] is a Fredholm operator with index m - (m-1) =1
b

'C’ and (0,LNN): X+ Y xIRm'] is a compact operator. This implies that (i) holds

5 (see [10; p. 114]). The injection j: Z+ X, jz=2, ze Z, is a Frednholm

b

v

4
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operator of index 0 - m = -m. Therefore, DF(xo)lz = DF(xo)j is a
Fredholm operator with index m - m =0 ([10; p. 111]) which proves (ii).
Now (iii) follows directly from the definition of G and the fact that

u € ker DG(xo) if and only if u ¢ ker DF(xO) =T M and Tuekerl =S,
Furthermore, (iv) is a consequence of (iii) and Z< W. Finally, to obtain

(v), we note that

SN A, = {0} <=> l'l(Tx MN(z®s)) = {0}
0

<=> Tker DG(xo) = {0} by (iii)
<=> ker DG(xO)CI z

<=> ker DG(x)=Z by (iv).

This completes the proof.

Note that none of the assertions of the lemma depends upon the particular
choice of L in the definition of G. A consequence of part (iii) is the
following connection between 1-distributions with respect to § and augmented

equations.

Theorem 5.2: Let X = W® S be a reduced-parameter splitting and A: M0 + T™

cr-l

a l-distribution with respect to S of class on a relatively open set

M, & M. Moreover, let G be an augmented function (5.1). Then A, & ker DG(x)

for any x ¢ Mo and hence any integral manifold N of A on Mo is a

solution manifold of the augmented problem (5.2), where a_ is a given point

o

of N.

N
. d TE A

|
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So far, we began with a 1-distribution with respect to S and then
related it to an augmented equation. In practice, the starting point is
usually an augmented equation which is then used to characterize and
determine a 1-distribution with respect to S. This was the procedure we
followed in the example of the previous section. How this can be accomplished
in general is our next goal.

As before, let X = W@ S be a reduced-parameter splitting of X and
G an augmented function (5.1). We denote by EOC E the open set of all
regular points of G and set Mo =MN Eo'

Theorem 5.3: The mapping A: Mo + M, A, = ker DG(x), x € Ms isal-

Cr-]

distribution with respect to S of class on Mo' Moreover, if r > 2,

then for any given a_ € Mo the regular-solution set of the augmented

()
equation (5.2) is an integral manifold of A on Mo.

Proof: By Lemma 5.1(i), DG(x) is, for any x ¢ Mo’ a Fredholm operator of
index 1 and since DG(x) is surjective we must have dim DG(x) = 1.
Consequently, the mapping A is well-defined and by Lemma 5.1(iii) we have
A, = TXM N(Z®S) for x¢ Mo. Therefore, it remains to verify only the
second property of a 1-distribution. By the theory of Fredholm operators [2],
[10], for Xy € Mo’ there exist a vector u_e X and a continuous linear

0

functional %o € X* such that Axo = ker DG(xo) = span{uo}, ¢°(uo) =1,
and X = ker ¢ @ A_ . The mapping
(0 X4

H: Ex X+Y xR, H(x,u) = (DG(x)u,]-q)o(u)), (x,u) € E x X,

r-1

is of class C and satisfies H(xo,uo) = 0, As in the proof of part (i)
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of Lemma 5.1, the partial derivative
D H(xysu,)e = (DG(x,)+,0) + (0,-9,(+))

is the sum of a Fredholm operator of index 0 and a compact operator and
hence is itself a Fredholm operator of index 0. If DuH(xo,uo)v =0,
then v ¢ ker ¢°(\ Ax = {0}; that is, DuH(xo,uo) is an isomorphism. By

0

the implicit function theorem, there exist a nieghborhood U of Xy in X

and a Cr']-mapping £: U+ X such that
H(x,&(x)) = (DG(X)E(X)J-%(&(X))) = (0,0), xe U

Therefore, £: M A U->TM is a local vector field and A = span{f(x)}
for x ¢ MO(\ U. This completes the proof that A is a 1-distribution with

r-l' The second part follows from the standard

respect to S of class C
existence and uniqueness theory for flows since we assumed r >2 (for

example, see [ 8]).

Theorem 5.3 guarantees that the regular-solution set of an augmented
equation can be used to determine an integral manifold. But an augmented
function (5.1) is defined on all of E; that is, an augmented problem can

also be considered at nonregular points of the augmented function. We consider

this topic in the next section.

.:DL e .

M

PORITPSABRN

e e e,
‘-"-'I.P
J "_‘_l




20

6. Characterization of Points Using Augmented Functions; Coordinate Splittings

We continue the development begun in the previous section and consider
how an augmented function can be used to characterize the nature of an
arbitrary point on the regular-solution manifold M of equation (2.2) with
respect to a given parameter splitting X = Z@® A and reduced-parameter
space S. Theorem 5.3 applies only on the submanifold M° of M consisting
of the regular points of the adgmented function. Nevertheless, any augmented
function is defined everywhere on M and, as noted earlier, that observation
enables us to use an augmented function to characterize different types of
points on M,

A general examination of the possible types of points on M is not our
intent. Instead, we consider three commonly occurring cases which arise
frequently in practice. The following definition is based upon fairly

standard terminology.

Definition 6.1: Let X = W®S be a reduced-parameter splitting and G any

corresponding augmented function (5.1). A point X, €M isa

(i) nonsingular point of G if dim ker DG(xO) =1 and
W N ker DG(xo) = {0};

(1) limit point of G if dim ker DG(xo) =1 and
ker DG(xo)c‘. W; and

(iii) simple critical point of G if dim “er DG(xo) =2 and

dim {WN ker DG(xo)} =1,

Note that this definition depends only on W and S and is otherwise in-
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dependent of the choice of G. In fact, the definition involves onily W ij;
and ker DG(xo) and, in view of Lemma 5.1(iii), ker DG(xO) depends only
on S and not on the particular choice of the linear operator L: A -»lRm'].

Also, we remark that nonsingular points and limit points of G are regular 511

points of G.

For the three cases, we may characterize completely the nature of a

point x_ € M in terms of the subspaces Z =ZNT_M, A =T1T_ M, and

() () X, () X,
S. In the following discussion, we assume the setting of Theorem 3.2, (5.1),
and Definition 6.1. We also assume that r > 2 in assumption (A) (in order
to apply Theorem 5.3).

We begin with the case Zo = {0}. Then from Lemma 5.1(ii) and (iv),

it follows that Xq is a nonsingular point of G. By Theorem 5.3 (with

a
]
splitting for the regular-solution submanifold of the augmented problem

= xo) and Theorem 3.2 (applied to G), X=W®S is a coordinate u

(6.1) G(x) = (yo,LIIxo)

at x,. Moreover, by Lemma 5.1(iv) and Theorem 3.2 (applied to F),
X=2@®A is a coordinate splitting for the manifold M at X

Next we assume that dim Z =1 and S A = {0}. From Lemma 5.1(v),
it follows that X5 is a limit point of G, and Theorems 5.3 and 3.2 imply
that X = [(WO Zo) ®sS]® Z, is a coordinate splitting for the regular-
solution submanifold of the augmented problem (6.1) at X (Note that the
use of Zo = ker DG(xo) as the coordinate space is the basis for the
Lyapunov-Schmidt procedure [12].) To extend this coordinate splitting for

the submanifold to a coordinate splitting for the full manifold M, we

combine Lemma 3.1(i) with Lemma 5.1(v) to conclude that S @ /\o = A and
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then use Theorem 3.2. This shows that X = [(Z©® Zo) ®s]e® [Zo ® Ao] is

a coordinate splitting for M at X

Finally, let dim Zo =1 and SN Ao # {0} (that is, SN Ao = S).

Again from Lemma 5.1, it follows that Xo is a simple critical point of G. -
Although DG(xo) remains a Fredholm operator of index 1, its null space is
now two-dimensional and Xq is not a regular point of G. Nevertheless, X,
" is still a regular point of F and the manifold M does have coordinate

splittings at Xqe In particular, by Theorem 3.2 once more,

X=[(z® Zo) @ (AO Ao)] ® [Z0 3l Ao] is a coordinate splitting for M at
Xy° It is important to observe that now S 1is not an acceptable choice for Ko
the complementary subspace A @ Ay-

We summarize the above results cn coordinate splittings in our next

Sy
i

theorem.
Theorem 6.2: Assume the conditions and notation of Theorem 3.2, (5.1), and
Definition 6.1. &

(i) 1f Zo = {0}, then Xq is a nonsingular point of the augmented

function G; X =W®@®S is a coordinate splitting for the regular-

solution submanifold of the augmented problem (6.1) at Xy and
X=2Z@®A is a coordinate splitting for the regular-solution mani-

fold M of (2.2) at X

24 “m‘. i

L (i) If dimZ =1 and SO A = {0}, then x, 1is a limit point of

- the augmented function G; X = [(We Z,)) ®S]®Z, is a coordinate 1
E! splitting for the regular-solution submanifold of the augmented y ;
:L problem (6.1) at Xy and X = [(Z@ Zo) Ds]e [Zo @Ao] is a co- X

ordinate snlitting for the regular-solution manifold M of (2.2) at k
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(iii) If dim Zo =1 and SN A0 # {0}, then Xs is a simple critical
point of the augmented function G; X = [(Z@® ZO) D(rAO Ao)] @ [Z0 ® Ao]
is a coordinate splitting for the regular-solution manifold M

of (2.2) at Xo Here, S 1is not an acceptable choice for A O® Ao.

Thus, from a knowledge of the subspaces Zo, Ao, and S alone, we are
able to characterize the nature of the point Xq with respect to a combination
of parameters. In Theorem 6.2(iii), it is not possible to identify the type
of simple critical point because that would require an examination of second
and higher derivatives. However, it is interesting to note that the coordinate
splitting for the manifold M is independent of the type of simple critical
point at Xo3 in other words, it is not necessary to know the type of simple
critical point when choosing a coordinate splitting for M.

To illustrate this theorem, we return to the problem of the buckling of
a spring system mentioned in Section 4. With Xq = (%3 0,%—,0,10T, we
calculated Z0 and Ao in (4.4). Therefore, according to Theorem 6.2, since

dim Zo =1, x_ 1is either a 1imit point or a simple critical point of any

(o}
augmented function G. The augmented function G of (4.3) is associated with
the reduced-parameter space S = {(O,O,A,O,O)T} for which S n A, # {0}. By
Theorem 6.2(iii), X, Mmust be a simple critical point of that augmented
function and (4.5) is a coordinate splitting for the regular-solution manifold
of (4.1) at X On the other hand, the augmented function G of (4.7) is
associated with the reduced-parameter space S = {(O,O,O,v,O)T} for which

SN Ay = {0}. By Theorem 6.2(ii), x_ is a limit point of that augmented

0
function; X = {(p,O,A,v,Y)T} <>} {(0,q,0,0,0)T} is a coordinate splitting for

the regular-solution submanifold of the augmented problem (4.7) at Xos and

(4.5) again serves as a coordinate splitting for the regular-solution manifold
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7. Finite-Dimensional Approximations and Error Estimates
We consider now the fundamental problem of determining suitable approxi- J
mations to the regular-solution manifold M of the equation (2.2) and of i‘

Cabtdh

obtaining corresponding estimates for the error. As it turns out, the dis-
cussion in [4 ] applies essentially unchanged to the case of an m-dimensional
manifold. Therefore, we merely introduce the notation and state the principal
results in our current, more general setting and refer to [4 ] for the proofs
which are easily extended to this case.

As always we assume that the information in (A) is given. To formulate

an appropriate approximate problem for (2.2), we remark that in applications

. + NIV » 4 SR

it is the state variables and not the natural parameters which are discretized.

With that in mind, suppose that a parameter splitting il

(7.1) X=2®A (dim A =m)

of X is available and that Z and Y are related through an operator Q

as follows:

Q € L(X,Y), kerQ = A,
(7.2)

Q|Z is an isomorphism of Z onto V.

A discretization of the problem (2.2) is specified by a collection {Ph: h > 0}
of finite-rank projections P, e L(Y) converging strongly to the identity on

Y; that is,

(7.3) Tim Phy =y, yelV.
h-0

PR T FUC WA P PP Ao PR S RS - - . - e . o,
Y - PN o <oy T R e
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The projections Ph and the operator Q determine finite-dimensional sub-

spaces
- = -1 -
(7.4) Yh = PhY, Zh = (Q|2) Yh’ Xh = ZheA,
and out interest is directed towards the regular-solution manifold
(7.5) Mh = {x ¢ Eh: x regular, Fh(x) = yoh}

of the equation

where
(7.7) Fh: Ehc Xh - Yh’ Fh(x) = PhF(x), X € Eh =EN xh.

We refer to the information contained in (7.3)-(7.7) as a basic discretization

of the problem (2.2).

It is easier to compare a discretized problem (7.6) with the original
problem (2.2) if both are formulated on the same spaces. A convenient way
of doing this is to extend the discretized mapping Fh to all of E< X by

defining
(7.8) Fh: ECX~+Y, ?h(x) = (I-Ph)Qx + Ph(F(x)-yo), xe E,

where 1 denotes the identity on VY.
Some important properties of Fh and its connection to a discretized

problem (7.6) are summarized in the next lemma.
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Lemma 7.1: Fh is a Cr-mapping with the following properties:

(i) Fh(x) =0 for xeE if and only if x e E and Fh(x) = Yon
(i1) Dl?h(x)Xh c Yh’ x € E.
(iii) ker DFh(x)c X» Xx€ E.

(iv) D?';(x) e L(X,Y) is a Fredholm operator of index m for x ¢ E.

(v) PhDF(x)Xh =Y, for some x € E implies that x is a regular point
of F.

To compare the regular-solution manifolds M of (2.1) and M, of (7.5),
Tet X be any point of M. Moreover, let X = V@ T be a coordinate
splitting for M at Xy and A: Y > V an isomorphism of Y onto V. The
relationship between the coordinate splitting and the above basic discretization

is expressed in the following stability condition:

(s) | 10F, (x)Ay|| > §|lylls yeY, h>0 sufficiently small,

where & is a positive constant independent of y and h. A detailed dis-
cussion of the implications of this stability condition, including equivalent
formulations, is deferred to the next section.

The stability condition (S) combined with generalized versions of the
inverse and implicit function theorems enables us to obtain the main result

regarding existence of approximate solutions and error estimates.

Theorem 7.2: (1) Let Yo € F(E), X = Z@® A a parameter splitting of X,
X=V®T a coordinate splitting for M at a given point Xg € M, and

I w4 A
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A: Y - V an isomorphism. Suppose that an operator (7.2) and a basic dis- ‘ '
cretization are chosen so that the stability condition (S) is satisfied.
Then for all sufficiently small h > 0, there exist Xoh € Mh such that z

h-+0
(2) 1In addition, assume that r >2 andlet x: J&ET+M bea

c"-function representing the manifold M locally near X, as given by _

:l; Theorem 2.2. Then there exist a compact ball oS> 0edy, and c’-
r
> functions Xp ¢ Jo > Mh representing the approximate manifolds N“ locally i
'3 near X, such that L

(7.9) [{x(t)-x, ()} < CII(I-P)Ax(t) [, t e dy, O

where C 1is independent of h and t.

i By
;. BE

Actually, we can say more. It turns out that, for sufficiently small h, _
X=V@®T is also a coordinate splitting of X for each Nh at Xoh* o %
Moreover, if x: J + M is written as x(t) = X, +t+ An(t), then each 3
Xp: Jo - M has the form xh(t) =x, +tt+ Anh(t). The proof of Theorem 7.2 "
follows verbatim the corresponding proof in [4 ]. ) q

Ohk §
11 -"

a ' 2 *a "m " & "o % . s _»
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8. Discrete Convergence and Stability Conditions
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A central requirement of the theory in the previous section is the

‘i . condition (S). We formulated (S) as a stability condition similar to those
3 arising typically in convergence studies of discretization methods. In

certain practical situations, (S) is readily verified. For instance, in [4 ]

we used decompositions F(x) = N(x) + G(x) with Q = DN(xo) and compact
DG(xo), in which case the stability condition (S) holds for any coordinate
splitting.

Nevertheless, the need remains for other necessary and sufficient conditions
for the validity of (S) and for a closer analysis of the interplay between
the quantities F, Pn> Qs and A entering into (S). This is the topic of the

present section.

We follow Vainikko [13] in the following formulations of various types
of discrete convergence. A sequence <Xp> of elements in a Banach space X

is called discretely compact (d-compact for short) if every subsequence of

o
<Xp> has a convergent subsequence. .

Let B, (h > 0) and B be bounded 1inear operators from a Banach space .

X to a Banach space Y such that th +Bx for all x e X.

The convergence Bh -+ B is regular, denoted by Bh L B, if

(8.1) <x, : h - 0> bounded, <B, x_> d-compact => <x_ > d-compact.
hn n hn hn hn

The convergence B, ~ B is stable, denoted by By, 3 B, if

(8.2) B'] exist and are uniformly bounded for sufficiently small h.
h

The convergence B, ~ B 1is compact, denoted by By, $ B, if

(8.3) <xhn: hn + 0> bounded => <Bhn xhn> d-compact.
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Looking back at our condition (S), we note that CN

DF,, (x,)Ay = (I-P_)QAy + P, DF(x )Ay ~ DF(x )Ay, y eV, 1

and that (S) is equivalent with stable convergence - that is, with ’7 E
(8.4) OF,, (x,)A 3 DF(x,)A. | R &
A less obvious equivalence is the content of the following result. f

Proposition 8.1: The convergence condition (8.4) and hence the condition (S)

holds if and only if OF, (x )A 18 DF (x;)A.

The proof follows directly from a theorem of Vainikko [13; p. 655] and the
observation that rge DF(xo)A =Y, ker DF(xo)A = {0}, and each DFh(xo)A
is a Fredholm operator of index 0.

Both regular and stable convergence involve a complex interplay among
F, Ph’ Q, and A. The following sufficient condition for (S) is helpful

here.

Proposition 8.2: If P, (-Q+DF(x ))A & (-Q+DF(x_))A, then DF, (x )A 18 DF (x,)A

and hence (S) holds.

ol

Proof: From DFh(xo)A = QA + Ph(-Q+DF(xo))A, it follows that QA is a
Q Fredholm operator of index 0. If QA 1is an isomorphism, then we have trivially
f QA3 QA and rge QA = Y, and the result follows immediately [13; p. 654]. 1If
4

QA 1is not an isomorphism, then by the Fredholm nature of QA and with

R 4

Yo = ker QA, Y3 = rge QA there exist closed subspaces Y] and Y2 of Y
such that Y=Y00Y]=Y2®Y3, dimY =dimY¥, <= and QA {s an




e

........

K|

isomorphism of Y, onto Y5. Set V=AY VA A and V

v=v°6v]. Let Vo=xe(vle/\) and V¥

1°* AYy; then

u

there exists an isomorphism B of V0 onto Vo and with the projection P

of Y onto Yo along Y] we may define the isomorphism
A: Y >V, Ay =A(I-P)y + BAPy, y e VY.
Then QA is an isomorphism of Y and
DFh(xo)A = QA + Q(A-BA)P + Ph(-Q+DF(xo))A.
We now have trivially QA 3 Q& and rge QA = Y, and thus
Q(A-BA) + Py (-Q+DF(x ))A $ Q(A-BA)P + (-Q+DF(x_))A.

The result follows again as above [13; p. 654].

As suggested, the converse of Proposition 8.2is not true. For example,
let Y be an infinite-dimensional separable Hilbert space and with X = Y xR

consider the function
F: X=>Y, F(x)-= %—y, x = (y,A) € X.

For a coordinate splitting X=V@® T, take V=Y x {0} and T = {0} xR,
and define A: Y >V by Ay = (y,0) for y e Y. The operator Q: X =+ Y

is defined as Qx =y for x = (y,A) € X and, if {ei} is an orthonormal
basis for Y, the discretization projections Ph are taken to be the orthog-

. . 1 1
onal projections onto the subspaces spanned by €000 with vy h < o

Then we have, for any Xo

voe V;. Since dim Vo = dim Vo,
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but

P (-Q+DF(x ))A = 3 P, F 3 1 = (-Q+OF(x,))A.

In applications, the choice of Q 1is at our disposal and a suitable
choice of Q may ensure the validity of (S). In our example, the slightly
different operator Q defined by Qx = %-y for x = (y,A) € X turns out
to allow the application of Proposition 8.2.

Compact convergence does not appear to be any easier to verify than
either regular or stable convergence, and so Proposition 8.2 mainly has

theoretical interest. Our next result is a step towards rectifying that.

Proposition 8.3:

(i) If (-Q+DF(xo))A is a compact operator, then
Py (-Q+DF(x ))A § (-Q+DF(x ))A.

(i) If P, (-Q+DF(x,))A % (-Q+DF(x ))A and if Y is separable,

then (-Q+DF(x°))A is a compact operator.

Proof: Set C = (-Q+DF(x°))A. To prove (i), let <y, > be a bounded
n

sequence in Y. Since C is compact, any subsequence <Cyh > of <Cyh >
n

n
k
has a convergent subsequence <Cyh >, If y 1is the limit, then
n
ks
||Ph c.yh '.Y||_<_”Ph C.Yh -Ph .Y||+”Ph .V‘.VH
Nk "k L N "k "k
i j i i i i

_<_0t||Cyhn -yl + IlPhn y-yll =0,

(R
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where ||Phl|_5 o for sufficiently small h (by the uniform boundedness

ST S

n
subsequence and hence PhC § c. (ii) follows directly from a result of

Vainikko [13; p. 654].

principle). Consequently, any subsequence of <Ph Cyh > has a convergent
n

Proposition 8.3(i11) remains true for certain nonseparable spaces Y as well.
However, most applications involve separable spaces and so there is no real
loss in stating the result as we did.

Proposition 8.3 effectively replaces the need for testing the discrete
convergence by a simple compactness condition on the operator (-Q+DF(x°))A
and thus represents a significant simplification. The projections Ph are
removed from consideration, and the condition appears to involve only A and
Q. We may actually go one step further and remove A from the picture. The
final condition, expressed in the next proposition, is a condition on Q and

Q alone.

Proposition 8.4: (-Q+DF(xo))A is compact if and only if -Q+DF(xo) is

compact.

Proof: Set K = -Q+DF(x0). If K is compact, obviously KA 1is compact.
So assume KA is compact. Let x> be a bounded sequence in X. Since
X=V®T, we can write Xn = Vo t tn and the sequences Vo> and <tn> of
components are bounded. Since dim T =m, <t > has a convergent subsequence

—.‘{ lt (~ r‘ FTTT' A
»

<tn >. Set Yo = A']vn; then <y_ > 1is a bounded sequence and hence, by the
k

- n

N k

f compactness of KA, <I<Ayn > has a convergent subsequence <KAyn >.  Now it
o k K.

? . follows that !

2

"

. = =

- Kxnk = Kvnk + Ktnk KAynk + Ktnk ,

& i i i i i
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so that <Kxn > converges. Therefore, K 1is compact. i
Ky
We summarize all the above implications and equivalences in a theorem.
Theorem 8.5: Let Yo € F(E), X=2@® A a parameter splitting of X,
X=V®T a coordinate splitting for M at a given point Xg € M, and -
A: Y > V an isomorphism. Suppose that an operator Q (7.2) and a basic
discretization are chosen and consider the following statements:
(i) stability condition (S) is satisfied; e
(11) D, (x,)A 3 DF(x )A;
= r . .
(iii) DFh(xo)A > DF(xo)A, -
(1v) P (-QDF(x ))A § (-Q+DF(x ))A;
(v) (-Q+DF(xo))A is a compact operator; [ S
(vi) -Q+DF(xo) is a compact operator.
Then the following implications hold:
(i) <=> (i1) <=> (iii) <= (iv) <= (v) <=> (vi).
If, in addition, Y is separable, (iv) <=> (v).
Thus, condition (vi) becomes an extremely simple condition on the
operator Q alone which guarantees the stability condition (S). Since (iii) -~
and (iv) are not equivalent, (vi) is not the only way to the stability
condition (S), but it is one of the easiest to apply.

_______________
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9. Applications 4

- . -

N h

R .- In this final section, we look at two applications. The first example :

o R .

E: : is a mildly nonlinear problem, whereas the second one is much more general é

P - in nature.

™
X

a. Shallow Arch Subjected to a Load: This problem concerns the deformations

G o WO EANOIRIN

of a shallow circular elastic arch which has been used frequently as a test

Sl

case, and we refer specifically to [7]. In dimensionless form, the

total potential energy of the system is given by

)
(o]
0.1) Ve[ - u e Fo)B + o) - 2ap) co,

_eo

where u and v are (dimensionless) displacements of the arch axis, the
primes denote differentiation with respect to the angle 6, 260 is the angle
subtended by the circular arch, p is the (dimensionless) load, and 0505504
are (dimensionless) constants. The load p = p(6,u,v,)) is permitted to be

a sufficiently differentiab]e function of the variables 6,u,v and of m

parameters A],...,Am which we represent as an m-vector A. For clamped

: ends, the boundary conditions are

L (9.2) 0(190) = u'(j-_eo) = V(ieo) = 0, R
r -
E‘ The principle of stationary potential energy applied to (9.1) yields the o
Ez pair of differential equations &
I 2
v nn 1 ' 2 " = .
Lo ayu"" - aja.p U’ - [v! - u+ %-a](u ) ](a]u +1) - aqp, = 0,

R (9.3)

" [ = '
v' - u' + a]u u" + a3pv 0. L
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These equations (9.3) together with the boundary conditions (9.2) may be ) i
formulated weakly as the problem of finding (u,v) € Hg['eo’eo] x H;[-eo,eo] i
such that {: ]

2
<u’¢>2 + <f(usVsA)s¢>o 0, $ e HOt-GO’eOJ’

(9.4)

where f,g: Hz[—e e ] x H][-e 6 ] xR" Lz[-e 6 ] are given by
>3 "ot Y0’ 0 0" 0’0 0’ o

= 1 ' 1 l 1 2 ﬁ
f(U,V,A) - = @ {a]a3pvu + [V - u + 2 OL-I(U ) ](OL]U + ]) + Ot3pu},

g(u,v,A) = u' - ayu u" - QP

V’

and

6

0 iy /s

@y = [ o s 0
-eo
Suppose that p 1is such that f and g are Cr-mappings with r > 2.
. . -2 2
We introduce linear operators k: H [-eo,eo] -+ Ho[-eo,eo] and

. 1 .
£: H [-eo,eo] - Ho['eo’eo] defined by

e~

i)
l,n "v’) . T

i‘ <ku,¢>2 = <u;¢>°, ue H-Z['eoseo]9 ¢ € H§[-60’90]’
rﬂ

Vo

b

[

V.. - ‘] ]

2 <LV,Y>; = V>, Ve H [-60,60], Ve Ho[-eo,eo].
{

.2 2 2 Ir.
Then k: L [-60.60] > Ho[-eo,eo] and £: L [-eo,eo] - Ho[ eo,eo] are compact

» and (9.4) becomes simply
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; 'l u + kf(u,v,\) = 0,

N (9.5)

; v + £g(u,v,x) = 0.

I' - _ul 1 - m .

, If we now set Y = Ho[-eo,eo] x Ho[-eo,eo], X =Y xR", and define E
K: H'z[-eo,eo] x H'](—eo,eo] +Y by K(u,v) = (ku,&v) and :“

_ 2 2
G: X > L7[-6.,8,1 x L"[-6,,6,] by G(u,v,)

(f(u,v,1),g(u,v,1)), then

oL

(9.5) reduces further to

Aai

(9.6)  F(w,A) = w + KG(w,A) =0, w=(uv)eV, AcecR".

. 4 WRETSAAEA

Thus, the shallow-arch problem has been transformed into a mildly non-
Tinear problem (9.6), and a mildly nonlinear problem can be handled in a
straightforward manner. With X and Y as above, there is a natural

parameter splitting X = Z® A, where Z =Y x {0} and A = {0} xR™.

A' l." -lm

Consequently, a natural choice for the operator Q e L(X,Y) of (7.2) is the

bt b

A S A

projection

Q(w:)\) = W, X = (W,)\) e X.

In terms of Q, (9.6) can be written as

F(x) = Qx + KG(x) =0, x¢ X,

. and hence -Q + DF(xo) = KDG(xo) is compact for any Xq* By Theorem 8.5,

E the stability condition (S) is satisfied for any coordinate splitting X=V@®T

: &

L and isomophism A: Y - V, and the estimate (7.9) of Theorem 7.2 becomes -

i L
||w(t)-wh(t)||Y + Ilk(t)'*h(t)||1pm.§ C ||(I-Ph)w(t)lly, ted,.

—r v
e .

. R N . -,
- DT IS WO WONE ST S S W P .}
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Setting Phw = (Pé1)u,P§2)v), we may write this estimate in terms of the

original displacements u and v as

() (011 5 + TV ()] 3+ TME)-A ()] | g

-
() () \
<c (Ia-PMuedt] 5+ [1(-PE(e) )] 3, te.
- h HZ h H] 0 .
0 , 0 v

b. A Nonlinear Dirichlet Problem: Let  be a bounded domain in IRd with

sufficieatly smooth boundary. As usual, we use the multi-index notation D%u EJ

for the partial derivatives of functions u defined on Q. If |o] = Zai'= L

and there is no danger of confusion, we write also Deu for the generic

derivatives D% of order |a| = £. .-

Let

F(u,A) = (b(&,u,Du,...,DZku,A) =0
be a given elliptic differential operator on Q. Here, £ € Q 1is the space
variable and A cR" a parameter vector, and ¢ denotes a sufficiently
differentiable functicn of all its arguments. Given any appropriate function

f defined on , we consider the nonlinear Dirichlet problem

(9.7) F(u,A) =f on @,

(9.8) % =0 on 3 for 0 < |a| <k-1.

Unlike the previous problem, which was transformed into a mildly nonlinear

problem, we analyze (9.7) and (9.8) directly. For a fixed scalar 1, 0 <1<,

c2k,1'

let W be the Banach space of functions in (%) which satisfy the

[

A i
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boundary conditions (9.8). Then set X = W xR® and Y = cO*(3). With
this, the Dirichlet problem (9.7)-(9.8) becomes simply

(9.9) F(x) = f, x=(u,A) € X.

Again, we have a natural parameter splitting X = Z@® A with Z =W x {0}
and A= {0} xR".

For X = (uo,xo), the derivative DF(xo) is given by

DF(xo)x DuF(xo)u + DKF(xo)A

99 2k

lo|<2k 3(D%u)

Ol
(g’uo’DuO,.. . ’D uO’AO)D u

29 2k
+ a—x (E,UO,DUO,... ,D

uo,Ao)A, x = (u,A) € X.
Now assume that Xq is a solution of (9.9) where F(uo,AO) is strongly
elliptic; that is, where the partial derivative DuF(xo) is a strongly

elliptic linear differential operator. The principal part

o 2k o

(9.10) L, = Y (Esu_sDu_s...,Du_,A )D x = (u,A) € X,
X Ja|=2k 3(D*u) ~ ©° © 00" *

of DuF(xO) is then an isomorphism of W onto Y. Moreover, the remaining

terms comprising DuF(xo) are all compact operators. For a proof of these

facts, we refer to [ 1 ; p. 686 ff.]. Hence, it follows that DuF(xo) is a

Fredholm operator from W to Y with index 0, Let P, and Pm be the

W
R
projections of X onto W and ]Rm, respectively. Then Pw is a Fredholm

operator of index m and in the decomposition

,

IRTRL ST Wy §

o

A

£ .

PRI

Lo
i

1
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-
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L_L'

..

N -

; DF(xo) = DuF(xo)Pw + D)\F(xo)Pmm

i

o the term DAF(xo)P m 1S compact. This shows that DF(xo) is a Fredholm

- operator from X to Y of index m. Therefore, if we assume that X, is

P a regular solution of (9.9), our theory applies. '

- The above discussion already suggests a choice for the operator »
Q € L(X,Y) of (7.2), namely, Q = Lx . In fact, then -Q + DF(xo) is -

0
compact and by Theorem 8.5 the stability condition (S) is satisfied for any

coordinate splitting X = V@® T and isomorphism A: Y > V. The estimate

(7.9) of Theorem 7.2 now takes the form

b K

() (0)1] gy * TAEIR () Ly < € TG u(®)]] g st 3y,
where L is the principal part given in (9.10). &
o
&=

v o L .
R '! [ . .
O - GPATAETSAIPIIN -4 I PO TN R PSR B
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